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Vortex-Dominated Conical-Flow Computations Using
Unstructured Adaptively-Refined Meshes

John T. Batina*
NASA Langley Research Center, Hampton, Virginia 23665

A conical Euler/Navier-Stokes algorithm is presented for the computation of vortex-dominated flows. The flow
solver involves a multistage Runge-Kutta time-stepping scheme that uses a finite-volume spatial discretization on an
unstructured grid made up of triangles. The algorithm also employs an adaptive mesh refinement procedure that
enriches the mesh locally to resolve more accurately the vortical-flow features. Results are presented for several
highly swept delta wing and circular cone cases at high angles of attack and at supersonic freestream flow
conditions. Accurate solutions were obtained more efficiently when adaptive mesh refinement was used in contrast
with refining the grid globally. The paper presents descriptions of the conical Euler/Navier-Stokes flow solver and
adaptive mesh refinement procedures along with the results that demonstrate the capability.

Introduction

IN recent years, the understanding and prediction of the
complex flow about modern aircraft at high angles of

attack have been research topics that have generated much
interest within the computational fluid dynamics community.1

These aircraft typically have sharp leading-edge wings or thin
highly swept lifting surfaces such as delta wings that produce
a vortical flow over the leeward side of the vehicle at high
angles of attack. To predict such vortex-dominated flows,
computer algorithms have been developed for the conical
Euler and Navier-Stokes equations, as well as for the full
three-dimensional equations. Newsome and Kandil,1 for ex-
ample, have reviewed the physical aspects and the numerical
simulation of vortex-dominated flows. The primary emphasis
of their discussion was on numerical methods that make use
of vortex capturing using the Euler or Reynolds-averaged
Navier-Stokes equations. In Ref. 1, these methods were sur-
veyed and the future trends and challenges in the numerical
simulation of vortical flows were identified.

Several researchers, such as Newsome and Thomas,2

Kandil and Chuang,3 and Chakravarthy and Ota,4 have in-
vestigated the applicability of the Euler equations to vortex-
dominated flows. It was found in Refs. 2-4 that inconsistent
solutions may be obtained for round-edge delta wings de-
pending on the grid density, the level of explicitly added
artificial dissipation, or whether local or global time stepping
was used. When these algorithm parameters were varied, both
attached-flow and separated-flow solutions could be obtained
for the same case. For sharp-edge delta wings, however,
consistent solutions were always obtained irrespective of the
grid density, artificial dissipation, or type of time stepping.
This is because, for a sharp leading edge, the geometry
determines where the flow will separate rather than the viscos-
ity (either physical or numerical) of the flow. Therefore, the
Euler equations are an appropriate equation set to model
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vortex-dominated flows about sharp-edge wings only. For
these geometries, accurate solutions have been obtained in
comparison with experimental data as reported by Murman
and co-workers5 7 and by Kandil et al.8 It is recognized,
however, that the Euler equations are not capable of predict-
ing secondary flow features such as secondary vortices or
effects due to Reynolds number.2 For cases where these
features are important, the Navier-Stokes equations are re-
quired to simulate the flow accurately. As an example,
McMillin et al.9 have shown that different types of leeside
flow over highly swept sharp leading-edge delta wings at
supersonic freestream conditions could be obtained using the
Euler or Navier-Stokes methods.

Many of the vortex-dominated flow solutions that have
been reported in the literature have been obtained without the
grid resolution that is required for high accuracy. To improve
the solution accuracy, much finer meshes are generally re-
quired. A globally fine mesh, however, is not practical since
the calculations would require an enormous amount of com-
puter resources. As an alternative, a zonal type of topology
consisting of a locally fine mesh within a coarse global mesh
is the approach that is needed to give accurate solutions while
minimizing the computer costs. Recently, Fujii10 reported the
development of such a zonal method for solving the Navier-
Stokes equations for both conical and three-dimensional
flows. A three-dimensional zonal method has also been pre-
sented by Thomas and Krist.11 In Refs. 10 and 11, the
vortical-flow solutions were determined more accurately when
an embedded fine mesh was used. The procedure requires that
the user select a priori where the embedded fine mesh will be
located, which requires some knowledge about the final solu-
tion. What is truly required is a solution adaptive mesh
refinement procedure whereby the grid is enriched locally
according to gradients of the instantaneous flowfield or to
some measure of the quality of the solution. With this proce-
dure, the user need not select where the grid should be refined
since it is determined automatically by the adaptive mesh
refinement procedures. Powell et al.,12 for example, have
reported the development of an adaptive mesh procedure for
determining accurate solutions of the conical Euler equations.
The main objective of the present investigation was to develop
a similar procedure for accurately computing viscous as well
as inviscid vortex-dominated conical flows. Therefore, the
purpose of the paper is to present a new conical Euler/Navier-
Stokes algorithm for the computation of vortex-dominated
flows. The flow solver involves a multistage Runge-Kutta
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time-stepping scheme that uses a finite-volume spatial dis-
cretization on an unstructured grid made up of triangles. The
algorithm employs an adaptive mesh refinement procedure
that enriches the mesh locally to resolve more accurately the
vortical-flow features. Results are presented for several highly
swept delta wing and circular cone cases at high angles of
attack and at supersonic freestream conditions. The paper
presents descriptions of the Euler/Navier-Stokes flow solver
and adaptive mesh refinement procedures along with results
that demonstrate the capability.

Governing Equations
The flow is governed by the time-dependent Navier-Stokes

equations, which may be written in conservation law form as

ct cy

where Q is the vector of conserved variables defined by
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and F, F, and G are the convective or inviscid fluxes given by
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The contravariant velocities t/, K, and W are defined by

U = u-xt, y = v-y,, W = w-z, (4)

where *,, yt, and z, are the grid speeds in the x, y, and z
directions, respectively. The viscous fluxes are defined by
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where T V V , ivr, TV . , . . ., are the viscous stresses, and &v,£,.,£.
are given by
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bx = mxx

by = m,, + i'T,, + HT,_. - q,

b: = WTvr + l'Tr. -f HT._ — q:

where qx, <y,., and q, are the heat flux terms. Stokes hypothesis
is assumed for bulk viscosity and the molecular viscosity is
determined using Sutherland's law. The formulation presented

herein is limited currently to laminar flows. The pressure p is
determined by the equation of state for a perfect gas

p = (y — \)[e — ̂  p(u2 -f v2 -f w2)] (7)

and the equations have been nondimensionalized by the
freestream density and the freestream speed of sound.

If interest is restricted to supersonic flow past conical
bodies, then the conical-flow assumption can be made. This
reduces the problem from three dimensions to two dimen-
sions, which significantly decreases the computational re-
sources that are required to investigate such flows. The
conical-flow assumption is exact for inviscid supersonic flow.
For viscous flow, however, a length dependence remains in
the Reynolds number Re, although the flow may be consid-
ered to be locally conical. The Reynolds number, therefore,
determines the location of the plane at which the solution is
determined. The conical-flow assumption involves a change of
variables according to

ri=y/x, (8)

The three-dimensional Navier-Stokes equations then reduce
to

where

= F-Fr, = G-GV

(9)

(10)

If interest is restricted to inviscid flow, the viscous fluxes are
simply set equal to zero, which yields the conical Euler
equations. Equation (9) may be rewritten in integral form for
solution as

Y f
dt Jn

(11)

where the second integral is a boundary integral resulting
from application of the divergence theorem.

Solution Algorithm

Spatial Discretization
The Euler/Navier-Stokes equations in integral form are

solved using a finite-volume algorithm developed for analysis
with an unstructured grid made up of triangles. The algorithm
is a nodal scheme whereby the flow variables are stored at the
vertices of the triangles. The control volume is taken to be the
neighboring triangles that have a vertex at that node. The
boundary integral in Eq. (11) is approximated as follows.
Along each'^dge of the control volume boundary the inviscid
fluxes at the two endpoints are averaged. The contribution to
the boundary integral is determined by taking the product of
the averaged fluxes with the directed length of the edge. The
contribution due to the viscous fluxes is computed differently.
This is because the viscous fluxes contain normal and shear
stresses that involve the spatial derivatives of the velocity
components. These derivatives are computed for each triangle
first, using formulas such as

du \ f w j + M-,
— =7 ~S-^(C2-MI A\_ 2

(12)

where the nodes of the triangle in this example are numbered
1, 2, 3, and A is the area of the triangle. The viscous fluxes
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are then averaged along each edge of the control volume
boundary, using the values from the two triangles that share
the respective edge. The contribution to the boundary integral
is determined finally by taking the product of the averaged
viscous fluxes with the directed length of the edge. This
treatment of the inviscid and viscous flux terms reduces
conceptually to central differencing on a rectangular mesh.
Thus, the algorithm of the present study may be regarded as
a central-difTerence-type flow solver.

Artificial Dissipation
The unsteady Navier-Stokes equations are nondissipative

outside of the boundary layer, and, therefore, the numerical
solution requires some form of artificial dissipation to prevent
oscillations near shock waves and to damp high-frequency
uncoupled error modes. On structured meshes using central-
difference-type flow solvers, an adaptive blend of second and
fourth differences of the conserved variables has been shown
to be an effective form of dissipation. In the present unstruc-
tured mesh flow solver, a blend of harmonic and biharmonic
operators is employed, corresponding to second and fourth
differences, respectively. The biharmonic operator provides a
background dissipation to damp high-frequency errors, and
the harmonic operator prevents oscillations near shocks. The
harmonic operator is multiplied by a pressure switch that is
first-order accurate near shocks and is second-order accurate
in smooth regions of the flow. The biharmonic operator is
third-order accurate and is adaptively turned off to prevent
overshoots in regions of shock waves.

Time Integration
The Euler/Navier-Stokes equations are integrated in time

using a four-stage Runge-Kutta time-stepping scheme. In this
scheme, the artificial dissipation is evaluated only at the first
stage for computational efficiency. Also, when solving the
Navier-Stokes equations, the viscous fluxes are evaluated only
at the first stage for further computational efficiency. This
effectively reduces the computational work that is required to
evaluate the viscous fluxes by a factor of 4.

Implicit Residual Smoothing
The explicit time-integration scheme described in the previ-

ous section has a step size that is limited by the Courant-
Friedricks-Lewy (CFL) condition. To acclerate convergence
to steady state, the CFL condition may be relaxed by averag-
ing the residual with values at neighboring grid points. This is
accomplished by replacing the residual /?, by the smoothed
residual /?, given by

(13)

where R is a constant that controls the amount of smoothing
and V2 is an undivided Laplacian operator. These implicit
equations are solved approximately using several Jacobi itera-
tions.

Convergence to steady state is accelerated further using
local time stepping, which uses the maximum allowable step
size at each grid point as determined by a local stability
analysis. For unsteady applications, however, a global time
step must be used because of the time-accuracy requirement.
The maximum allowable global time step may be increased to
a value that is larger than that dictated by the CFL condition
by using a time-accurate version of Eq. (13) similar to that
derived in Ref. 13. In this procedure, the constant f; is
replaced by a parameter that varies from grid point to grid
point and is defined by

1
R = maxI - - 1 , 0.0 (14)

In Eq. (14), A/ is the time step taken, and A/CFL is the locally
allowable time step for the four-stage Runge-Kutta time-step-
ping scheme.

Boundary Conditions
For viscous flow computations, the no-slip surface

boundary condition is imposed by setting the three velocity
components equal to zero at grid points that lie on the surface
of the body. For inviscid-flow computations, the governing
equations are first rewritten in terms of the flux velocity q
where

q = (v - rju - i/,) AC - (w - CM - C/) (15)

To satisfy the flow tangency (or slip) boundary condition, the
flux velocity is simply set equal to zero at grid points that lie
on the surface of the body. In the far field, freestream
boundary conditions are imposed for simplicity and a reason-
ably large computational grid is used so that the bow shock is
captured as a part of the solution.

Grid Generation
In the present study, the grids (before adaptive mesh refine-

ment) were generated analytically by using a modified
Joukowski transformation, which is similar to that used to
create meshes with quadrilateral cells.3J2 The procedure was
generalized to create meshes with triangular cells to generate
the necessary input to the flow solver. The required input
includes a list of nodes and a list of "connectivity," that is, for
each triangle, the three nodes that make up the triangle.

Adaptive Refinement Procedure
An adaptive refinement procedure was developed to enrich

the mesh in regions of high flow gradients to resolve more
accurately certain features of the flow. In the present study,
total pressure loss was used as an indicator to determine
where to refine the mesh because total pressure losses are a
good indicator of the vortical-flow structure.14 In this proce-
dure, the total pressure loss is computed at each node in the
mesh. Along each edge of each triangle, the total pressure
losses at the two endpoints are averaged and then compared
with a predetermined tolerance. If the tolerance is exceeded, a
new node is created at the midpoint of the edge and the
triangle is divided. Each time the mesh is refined, a triangle
may be divided in one of two ways. A triangle is divided into
four smaller triangles if two or more of the edges that make
up the triangle have average total pressure losses that exceed
the preset tolerance. If only one edge exceeds this tolerance,
then the triangle is divided into two elements by bisecting that
edge. The coordinates of the new node are determined conse-
quently by averaging the coordinates of the endpoints that
make up the bisected edge. Special care must be taken,
however, when an edge that is to be divided lies on an inner
boundary of the grid because the midpoint of the edge does
not generally lie on the boundary. In this case, the location of
the new node is determined generally by using a spline of the
boundary coordinates. For the simple geometries considered
in the present study, however, the location of the new node on
the boundary is determined exactly since the geometry is
defined analytically.

Results and Discussion
To demonstrate the Euler/Navier-Stokes flow solver and

the adaptive mesh refinement procedures, calculations were
performed for several highly swept delta wing and circular
cone cases at high angles of attack and at supersonic
freestream flow conditions. In these calculations, five cases
were considered, as listed in Table 1. The first three cases
involve a 75-deg swept flat-plate delta wing at a freestream
Mach number of M, = 1.4, and the calculations were per-
formed using the conical Euler equations. The first case,
hereafter referred to as case 1, has an angle of attack of
a = 20 deg. The second case, referred to as case 2, has an
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Table 1 Summary of vortex-dominated conical flow cases

Case Geometry a, deg ft, deg <I>, deg Re Flow equations

1

2

3

4

5

75-deg
delta

75-deg
delta

75-deg
delta

70-deg
delta

85-deg
cone

swept
wing
swept
wing
swept
wing
swept
wing

swept

flat-plate

flat-plate

flat-plate

elliptic cone

circular

1.4

1.4

1.4

2.0

1.4

20

20

20

10

20

0

10

0

0

0

0

0

30

0

0

oo Conical
Euler

oo Conical
Euler

oo Conical
Euler

0.5 x 106 Conical
Navier-Stokes

0.5 x 106 Conical .
Navier-Stokes

angle of attack of 20 deg and a yaw angle of /? = 10 deg. The
third case, referred to as case 3, has the same freestream flow
conditions as case 1, but the wing was forced to oscillate in a
harmonic rolling motion with an amplitude of O = 30 deg and
a reduced frequency of k = 0.3 (based on one-half of the
distance from the wing apex and the streamwise freestream
speed). The last two cases involve highly swept elliptic and
circular cones, and the calculations were performed using the
conical Navier-Stokes equations. The fourth case, referred to
as case 4, involves a thin elliptic cone that corresponds to a
delta wing that is swept 70 deg along the leading edge with a
thickness ratio of 14:1. The freestream flow conditions for
case 4 were My = 2.0, a = 10 deg, and Re = 0.5 x 106. The
last case, referred to as case 5, involves an 85-deg swept
circular cone at M^ =1.4, a = 20 deg, and Re = 0.5 x 106.

Fig. 1 Effects of adaptive mesh refinement on the total pressure loss
contours for a 75-deg swept flat-plate delta wing at M, = 1.4 and
a = 20 deg, computed using the conical Euler equations.

Case 1
Case 1 was selected to test the adaptive mesh refinement

procedures for a flat-plate delta wing using the conical Euler
equations by making comparisons with similar results re-
ported in Ref. 12. The mesh that was used to start the
calculation has 32 nodes around the wing and 16 nodes in the
outward direction for a total of 512 nodes. A partial view of
the mesh is shown in the upper left part of Fig. 1. Results for
case 1 were obtained using adaptive mesh refinement by
starting with the coarse mesh containing 512 nodes and
adapting to the total pressure losses of the instantaneous
solutions to determine a locally fine mesh. The flow solver
was run for a total of 4000 iterations and the mesh was
adapted at iterations 500, 1000, and 1500. Adapting the mesh
every 500 iterations produces intermediate results that are
converged to plotting accuracy; although this is not a require-
ment for the adaptation procedure to be numerically stable or
to produce accurate final results.

A summary of the meshes and the corresponding total
pressure loss contours for case 1 is shown in Fig. 1. The total
pressure loss contours obtained from the 32 x 16 mesh (512
nodes) solution indicate that large vortices are produced on
the leeward side of the wing due to the separated flow from
the leading edges. These vortices are very diffuse due to the
coarseness of the mesh (and subsequent large artificial dissi-
pation in the solution), and no crossflow shock waves are
apparent. Adapting the mesh to this solution results in an
increase in the total number of grid points to 797 nodes. Use
of this mesh produces a flow with more clearly defined
vortices. Adapting the mesh a second time to the instanta-
neous flow solution produces a grid with 1409 nodes. With
this mesh, crossflow shock waves become visible in the solu-
tion beneath each of the vortices. Adapting the mesh a third
time produces the final mesh, which contains a total of 3261
nodes. The final solution obtained on this mesh clearly shows
that the flow separates from each of the leading edges produc-
ing large circular vortices and that the crossflow shock waves
beneath the vortices are now sharply captured. A solution of
comparable accuracy on a globally fine mesh would requre
32,768 nodes (256 x 128). A spatially accurate solution is thus
obtained for this case with adaptive mesh refinement, using an
order of magnitude fewer grid points (3261 nodes).

Figure 2 shows a comparison of total pressure loss contours
from the final solution of Fig. 1 with similar results presented
in Ref. 12. An expanded view of the total pressure loss
contours describing the right leading-edge vortex from Fig. 1
are shown in Fig. 2a; the contours from Ref. 12 are shown in
Fig. 2b. Comparison of the two sets of contours indicates
good agreement, which tends to verify the adaptive mesh
refinement capability of the present study for determining
accurate solutions of the conical Euler equations.

Case 2
Case 2 was selected to demonstrate application of the

adaptive mesh refinement procedures to a wing that is yawed.
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a) Contours of present study Contours of Ref. 12

Fig. 2 Comparison of total pressure loss contours for a 75-deg swept
flat-plate delta wing at M^ = 1.4 and a = 20 deg, computed using the
conical Euler equations.

Similar to case 1, the calculations were performed by starting
with the coarse 3 2 x 1 6 mesh and adaptively refining the mesh
three times. The flow solver was run for a total of 4000
iterations and the mesh was adapted at iterations 500, 1000,
and 1500. A summary of the meshes and the corresponding
total pressure loss contours for case 2 is shown in Fig. 3. For
this case there is a strong flat vortex produced by the sepa-
rated flow from the windward (left) leading edge with a
crossflow shock wave beneath the vortex. There is also a
weaker, more circular vortex produced by the separated flow
from the leeward (right) leading edge. With the coarse grids
containing 512 (original mesh) and 807 (one enrichment)
nodes, the shock wave beneath the windward vortex is not
detected in the total pressure loss contours. Upon further
enrichment to a grid containing 1363 nodes, the shock begins
to appear, and with the final grid of 2801 nodes the shock is
shown to be sharply captured. The total pressure loss con-
tours of Fig. 3 indicate that the vortical-flow features are
defined more clearly when the mesh is adaptively refined. An
accurate solution is thus obtained more efficiently when using
adaptive mesh refinement in contrast with refining the grid
globally.
Case 3

Case 3 was selected to demonstrate the time-accurate capa-
bility of the conical Euler flow solver, although the results are
actually only locally conical. The unsteady results were ob-
tained for the rolling delta wing oscillating harmonically with
an amplitude of 30 deg at k = 0.3 using 2400 steps per cycle of
motion. In these calculations, the grid was first adapted to the
steady solution to create a fine embedded mesh locally, which
was then used in the unsteady calculation. The fine embedded
region was made large enough so that the moving vortices
and shock waves were always contained within this region
and the total grid contained 5152 nodes. It is recognized,
however, that, for unsteady applications, a de-refinement
procedure can be used in addition to the refinement procedure
to remove as well as to add nodes and elements during the
calculation. Also during the unsteady calculation, the grid
was moved as a rigid body to conform to the instantaneous
position of the wing. Three cycles of motion were computed
to obtain a periodic solution. Instantaneous total pressure
loss contours at eight points in time during the third cycle of
motion are shown in Fig. 4. In each part of the figure, the
instantaneous angular position in the cycle ki is noted where
i is time normalized by one-half of the reference length and
the streamwise freestream speed.

During the first half of the cycle as the wing rolls clockwise
to the maximum amplitude and then back to straight and
level, the crossflow shock wave beneath the left vortex disap-
pears, the left vortex weakens, and the right vortex grows in
strength. During the second half of the cycle, the opposite
situation occurs; the shock wave beneath the right vortex
disappears, the right vortex weakens, and the left vortex
grows in strength. It is easy to see that the solution is periodic
in the third cycle of motion by comparing the total pressure
loss contours at any two points in time that are 180 deg out of
phase in the cycle. The two sets of total pressure loss con-

Fig. 3 Effects of adaptive mesh refinement on the total pressure loss
contours for a 75-deg swept flat-plate delta wing at Mx = 1.4,
a = 20 deg, and f = 10 deg, computed using the conical Euler equa-
tions.

tours, 180 deg out of phase, are antisymmetric as shown in
Fig. 4.

Figure 5 show the normal force and rolling moment co-
efficients vs the instantaneous roll angle during the third cycle
of motion. The normal force coefficient is shown in Fig. 5a,
and the rolling moment coefficient is shown in Fig. 5b. In
these results, the roll angle </> is defined as positive clockwise,
the normal force is positive up, and the rolling moment is
positive clockwise. Both coefficients have been normalized by
the wing span. Figure 5a indicates that the normal force is at
a minimum value at both the positive and negative extremes
of the rolling motion. This occurs because the flow is antisym-
metric at these two points in time and, thus the normal force
response has twice the frequency of the excitation. Figure 5b
indicates that the rolling moment has a small stable damping
and the same frequency as the excitation.
Case 4

Results were first obtained for case 4 without adaptive
mesh refinement to test the Navier-Stokes flow solver by
making comparisons with the results of Ref. 15. As discussed
earlier, the Navier-Stokes results are only locally conical
because of the length dependence in the Reynolds number.
The mesh that was used in these computations is shown in
Fig. 6. It has 256 points around the body and 64 points in the
outward direction for a total of 16,384 nodes. The mesh was
generated with the same grid program that produced the
original flat-plate delta wing grid of cases 1-3, except that the
outward stretching was modified to cluster points near the
body to resolve the boundary layer. Calculations were per-
formed for 2500 iterations, which reduced the L2 norm of the
density residual by over four orders of magnitude. The result-
ing crossflow velocity vectors are shown in Fig. 7. These
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kT = 45° kT = 360°

kT = 90° kT = 315°

kT = 135° kT = 270°

kT = 180° kT = 225°

0
Fig. 4 Instantaneous total pressure loss contours during a cycle of harmonic rolling for a 75-deg swept flat-plate delta wing at M<* = 1.4, a = 20
deg, 0 = 0 deg, * = 30 deg, and k = 0.3, computed using the conical Euler equations.

velocity vectors indicate that the flow separates near the
rounded leading edge and then forms a large primary vortex
on the leeward side of the wing. The induced flow beneath the
vortex produces an adverse pressure gradient that causes the
boundary layer to separate and form a second weaker vortex
outboard of the primary vortex. Close examination of the
velocity vectors of Fig. 7 reveals that additional vortices are
also present in the flow. It is recognized, however, that, for
the Reynolds number considered here (Re = 0.5 x 106), these
additional vortices calculated for laminar flow may disappear
with the inclusion of turbulence modeling in the analysis.

Figure 8 shows the corresponding pressure coefficient distri-
bution on the surface of the wing. The pressures show an
increase in suction on the leeward side from approximately
y/y\c = 0.45 to the leading edge due to the presence of the
strong primary vortex. The weaker, secondary vortex pro-
duces a small suction peak in the pressure distribution near
y/y\c = 0-7- The pressure distribution is in close agreement

with that of Thomas and Newsomc," who reported Navier-
Stokes results for case 4, obtained using a method based on
upwind differencing for the pressure and convective terms
(inviscid fluxes) and central differencing for the shear stress
and heat flux terms (viscous fluxes). The good agreement
between the two sets of results tends to verify the Navier-
Stokes flow solver of the present study. Small differences
between the results are attributed to differences in grids as
well as to differences between the two methods.

Calculations were then repeated for case 4 using adaptive
mesh refinement to test the enrichment procedures for a
viscous-flow application. Results were obtained by starting
with a relatively coarse mesh (128x32) containing 4096
nodes, a partial view of which is shown in the upper left part
of Fig. 9. The flow solver was run for a total of 4000
iterations and the mesh was adapted at iterations 1000 and
2000. A summary of the meshes and the corresponding total
pressure loss contours for case 4 is shown in Fig. 9. With the
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coarse grid of 4096 nodes, the total pressure loss contours
indicate that the large primary vortex is very diffuse and that
the boundary layer appears to be thick. The mesh was then
adapted twice to the total pressure losses of the instantaneous
solution, which enriched the mesh locally on the leeside of the
wing to resolve more accurately the vortical flow, and close to

.6

.4

.2

0
-40 -20 0 20 40

a) Normal force

.02

.01

-.01

-.02
-40 -20 0 20 40

b) Rolling moment

Fig. 5 Coefficients vs instantaneous roll angle for a 75-deg swept
flat-plate delta wing at M^ = 1.4, a = 20 deg, ft = 0 deg, 0> = 30 deg,
and k = 0.3, computed using the conical Euler equations.

Fig. 6 Mesh of triangles (256 x 64) for a 70-deg swept elliptic cone
delta wing.

Fig. 7 Crossflow velocity vectors for a 70-deg swept elliptic cone delta
wing at M., = 2.0, a = 10 deg, and Re = 0.5 x 106, computed using the
conical Navier-Stokes equations.

the wing to better resolve the boundary layer. This resulted in
meshes containing 7048 and 15,689 nodes. When the mesh is
successively refined, the primary vortex becomes smaller, the
secondary vortical-flow features become clearly defined, and
the boundary layer is much thinner around the wing in
comparison with the coarse grid results. A solution of com-
parable accuracy on a globally fine mesh would require 65,536
nodes (512 x 128). In comparison with the results of Fig. 7,
the primary vortex is smaller and has moved outboard when
the mesh is refined. This consequently shifts the increase in
suction pressure on the leeward side of the wing outboard, as
shown in Fig. 10. Also, since the secondary and tertiary
vortices are defined more clearly in the adapted solution, the
small suction peaks in the pressure distribution are larger, as
indicated further in Fig. 10.

Case 5
Case 5 was selected to demonstrate further the adaptive

mesh refinement procedures for a viscous flow about a circu-
lar cone. The calculations were performed by starting with a
coarse 64 x 32 mesh (2048 nodes) and adaptively refining the
mesh twice. The flow solver was run for a total of 4000
iterations and the mesh was adapted at iterations 1000 and
2000. A summary of the meshes and the corresponding total

•4r
Present results
Thomas and Newsome

Fig. 8 Comparisons of crossflow pressure coefficient distributions on a
70-deg swept elliptic cone delta wing at My = 2.0, a = 10 deg, and
Re — 0.5 x 106, computed using the conical Navier-Stokes equations.

15689 nodes

Fig. 9 Effects of adaptive mesh refinement on the total pressure loss
contours for a 70-deg swept elliptic cone delta wing at M^ = 2.0,
« = 10 deg, and /te=0.5x!06, computed using the conical Navier-
Stokes equations.
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Fig. 10 Further comparisons of crossflow pressure coefficient distribu-
tions on a 70-deg swept elliptic cone delta wing at My = 2.0,
a = 10 deg, and Re = 0.5 x 106, computed using the conical Navier-
Stokes equations.

Fig. 11 Effects of adaptive mesh refinement on the total pressure loss
contours for an 85-deg swept circular cone at M f =1.4, a = 20 deg,
and Re = 0.5 x 106, computed using the conical Navier-Stokes equa-
tions.

pressure loss contours for case 5 is shown in Fig. 11. For this
case, there are two large, symmetric, primary vortices that are
produced by the separated flow from the left and right sides
of the cone. With the coarse mesh containing 2048 nodes, the
primary vortices are very diffuse, the secondary vortical-flow
features are absent, and the boundary layer appears thick.
When the grid is refined to 3733 nodes and then to 8508
nodes, the primary vortices become smaller and more sharply
defined, secondary and tertiary vortices become apparent in

the flow, and the boundary layer appears to be much thinner
in comparison with the coarse grid results. An accurate
solution is thus obtained for this case with adaptive mesh
refinement, using a factor of approximately four fewer grid
points (8508 nodes) in comparison with a globally fine mesh
(32,768 nodes).

Concluding Remarks
A conical Euler/Navier-Stokes algorithm was presented for

the computation of vortex-dominated flows. The flow solver
involves a multistage Runge-Kutta time-stepping scheme that
uses a finite-volume spatial discretization on an unstructured
grid made up of triangles. The algorithm employs an adaptive
mesh refinement procedure that enriches the mesh locally to
resolve more accurately the vortical-flow features. Results
were presented for several highly swept delta wing and circu-
lar cone cases at high angles of attack and at supersonic
freestream flow conditions. Results for these cases demon-
strated the ability to predict accurately complex vortex-domi-
nated flows. Accurate solutions were obtained more efficiently
when adaptive mesh refinement was used in contrast with
refining the grid globally.
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